HARDY INEQUALITIES IN TRIEBEL-LIZORKIN SPACES 



LIZAVETA IHNATSYEVA AND ANTTI V. VAHAKANGAS 



Abstract. We prove an inequality of Hardy type for functions in Triebel-Lizorkin spaces. The 
distance involved is being measured to a given Ahlfors d-regular set in R n , with n — 1 < d < n. 
As an application of the Hardy inequality, we consider boundedness of pointwise multiplication 
operators, and extension problems. 
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1. Introduction 



In the paper we study inequalities of Hardy type 

|p \ y ? 



(1.1) 



|fW 



t n dist(x,S) s P 



dx 



< f 



for functions in Triebel-Lizorkin spaces Fp q (R n ) with vanishing trace on S. The set S C R. n , 
n > 2, under consideration is supposed to be an (Ahlfors) d-regular set with n — 1 < d < n. We 
also consider applications to extension problems. 
Often Hardy inequalities are formulated in the form 



(1.2) 



|f(x) 



1/p 



Q dist(x, 3Q) s p 



dx 



< llfl 



where D. is an appropriate domain in R n . In case of a C°° bounded domain, inequality (1.2) is 
known to hold for all f E Fp q (n) with 1 < p, q < oo and < s < 1/p, see [30, p. 58] and [27]. 
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When s > 1/p, it is natural to require that f can be extended by zero, [30, Proposition 5.7]. We 
postpone the details on the connection between (1.1) and (1.2) to §4. 

Inequality (1.2) can be considered as one of the fractional counterparts of the classical Hardy 
inequality (recall that in case of a C°° bounded domain, the Sobolev space W k ' p (Q) coincides with 
the Triebel-Lizorkin space F£ 2 (Q), 1 < p < oo and k G N). While classical Hardy inequalities 
have been studied under rather general geometric assumptions on the domain (more precisely on 
its complement, we refer to [21, 32, 18]), the fractional analogs were mostly considered on smooth 
and Lipschitz domains, see [27, 10]. In more irregular geometric settings, fractional Hardy type 
inequalities have been considered in [11] and [30, Proposition 16.5]. Also, Hardy type inequalities 
for certain Triebel-Lizorkin spaces on ' E-thick' domains D. can be obtained via so called refined 
localisation spaces [31, Theorem 2.18, Proposition 3.10]. 

Let us turn to a discussion of the objects of this paper. Throughout, we focus on the case of 
smoothness s > (n— d)/p and S being a d-set in R n , n — 1 < d < n. 

Our motivation to consider inequality (1.1) arises from the work [15], where we obtained a 
description of the traces of Besov-Triebel-Lizorkin spaces on d-sets. This description is given in 
terms of a local polynomial approximations [4] and, as it turns out, the related tools and porosity 
based arguments easily adapt to the study of Hardy inequalities, and their consequences. Let us 
remark that we widely use the fact that d-sets in R n with d < n are porous. 

The main result, Theorem 3.7, states that Hardy inequality (1.1) is valid if the trace of f on S is 
zero pointwise 1-L A almost everywhere. Hardy inequalities are related to the question whether the 
characteristic function xq of a domain is a pointwise multiplier in Fp q (R n ). Our auxiliary result, 
Proposition 4.1, states that inequality, 

|f(x)|P xVp 



||fXn||^ q (R-) < ||% q ( 



dx 



V J Q dist(x, dCl) s v 

holds for a domain O. in R n whose boundary is a d-set with n — 1 < d < n. As a corollary of 
Theorem 3.7 and Proposition 4.1, we obtain that Xq is 3 pointwise multiplier in the subspace 
{f G F* q (R n ) : Tr 9Q f = 0}, where Tr 9n f denotes the trace of f on 30, see Corollary 4.2. For 
further results on the pointwise multipliers Xn of irregular domains, we refer to [12, 24, 28]. 

As an application, we study the problem of extending a smooth function from its boundary 
trace. More precisely, for f G Fp q (R n ) with s > (n — d)/p and k = [s] + 1 , we define an extension 



Extvaf (x) := 



f(x), ifxGO; 
.^Qewaa cp Q M{Prk-i,a(Q) ° Tr 9a (f)}(x), if x G R n \ a. 



Let us emphasise that the operator Prk_i )Q (Q) is a polynomial projector on L 1 (a(QJ H 30), where 
a(QJ is a cube, which is centered in dCl and is close to the given Whitney cube Q G W 9 n. 
Observe that, if f has zero boundary values in 3Q, then Ext^nf = fxn- 

In Theorem 4.9, we prove boundedness of the operator Ext^n on F pq (R n ). The proof is based 
on restriction and extension theorems for d-sets [15], as well as the multiplier result mentioned 
above. To our knowledge, Theorem 4.9 is not previously known in its generality. However, the 
operator Exti o has been considered in connection with extension results for first order Sobolev 
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spaces W 1,p (R n ), [13]. The operators Ext k+i a with k G {1,2, . . .} share common properties with 
certain extension operators of Calderon [7], which extend any f G Wq ,v {D.) by zero outside of 
a given Lipschitz domain O. Our extension approach is also related to gluing Sobolev functions 
with matching traces, [3]. 

The outline of the paper is as follows. In sections §2.1, §2.2, §2.3, and §2.4 we treat the 
preliminaries: notation, definitions of function spaces, d-sets, and porosity, respectively. In §3.1, 
we prove a special Hardy inequality, namely the one for Fp p (R n ) with s £ (0,1). We include this 
model result to demonstrate the somewhat technical proof of our main theorem in a transparent 
manner. The main theorem is proven in §3.2. In section §4, we consider applications to pointwise 
multipliers and extension problems. 

2. Preliminaries 

2.1. Notation and auxiliary results. In this paper, unless otherwise specified, we tacitly assume 
that n > 2 and that the distances in R n are measured in terms of the supremum norm. At the 
same time, by B(x, r) we denote the open Euclidean ball, centered at x G R n with radius r > 0. 
For a measurable set E, with a finite and positive measure, we write 



f(x) d.X = -p^-r 



f (x) dx . 

E 

We write xe for the characteristic function of a set E. 

By Q = Q(xq,Tq) we denote a closed cube in R n centered at xq G R n with the side length 
£(Q) = 2tq and sides parallel to the coordinate axes. By tQ, t > 0, we mean a cube centered 
at Xq with the side length t£(Q). We denote by V the family of closed dyadic cubes in R n , and 
Vj stands for the family of those dyadic cubes whose side length is 2~\ j G Z. 

The support of a function f : R n — > C is denoted by suppf, and it is the closure of the set 
{x : f(x) + 0} in R n . 

The notation a < b means that an inequality a < cb holds for some constant c > the exact 
value of which is not important. The symbols c and C are used for various positive constants; 
they may change even on the same line. 

Recall also an inequality of Hardy type for sums. 

2.1. Lemma. Let < p < oo and Oj > 0, j = 0, 1, Then 

OO oo oo 

j=0 i=j j=0 

For p > 1 this lemma follows from Leindler's result in [20]. The case < p < 1 follows by 
applying the inequality a0 p < 2~ t ~ a?- 

2.2. Function spaces in R n . We recall definition of fractional order Sobolev spaces in R n . For 
1 < p < oo and s G (0, 1) we let W s ' p (R n ) denote the collection of functions f in L p (R n ) with 



(2.2) ||f ||w s >p(R n ) ||f||LP(R n ) + 



— : : dx du < oo. 

| X _y|pS+H »l 
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There are several equivalent characterizations for the fractional Sobolev spaces and their natural 
extensions, Triebel-Lizorkin spaces (see e.g. [1], [2], [26] and [29] for the general theory). 

In this paper, we mostly use definitions based on the local polynomial approximation approach. 
Let f G L£ c (R n ), 1 < u < oo, and k G No. Following [4], we define the normalized local best 
approximation of f on a cube Q in R n by 



rtnc-1 \ | VI Jq / 

Here and below 7\, k > 0, denotes the space of polynomials on R n of degree at most k. Let 
Qi C Q2 be two cubes in R n . Then 



This property is referred as the monotonicity of local approximation. 

The following definition of Triebel-Lizorkin spaces with positive smoothness can be found in 
[26]. Let s > 0, 1 < p < 00, 1 < q < 00, and k be an integer such that s < k. For f G L£ c (R n ), 
1 < u < min{p, q}, set for all x G R n , 



and g(x) := sup{t s £k(f> Q(x> t))i>(R n ) : < t < 1} if q = 00. The function f belongs to 
Triebel-Lizorkin space ft, q (R n ) if f and g are both in L p (R n ). The Triebel-Lizorkin norms 



are equivalent if s < k and 1 < u < min{p, q}. In particular, if q > p, then we can set u = p. 

Triebel-Lizorkin spaces include fractional Sobolev spaces as a special case: if 1 < p < 00 and 
< s < 1, then F* p (R n ) coincides with W s >?(R n ), [8, Theorem 6.7] and [29, pp. 6-7]. 

2.3. d-sets and inequalities. Recall definition of an Ahlfors d-regular set, or, briefly, d-set. 

2.4. Definition. Let < d < n. A closed set S C R n is a d-set if there is a constant C > 1 
such that C _1 r d < H d (Q(w,r) nS)< Cr d for every w G S and < r < 1. 

Note that if S is a d-set, then 

c^r d <H d (Q(w,r)nS) < cr d 

for every w G S and < r < R, where R is any fixed positive number and the constant c > 1 
depends on parameters R, C, d, n. 

We write L P (S) for the space of p-integrable functions on a d-set S with respect to the natural 
Hausdorff measure "H d |s- 

The following is a Remez type theorem, [5]. 






if q < 00 



l|f||H q (R*) ; - l|f|kp(R^) + llglkp(R^) 
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2.5. Theorem. Let S C R n be a d-set, n — 1 < d < n. Suppose that Q = Q(xq,Tq) and 
Q' = Q(xq/,tq/) are cubes in R n sue/? t/?at Xq/ G S, Q' C Q, ano 1 

< r Q < Rr Q / < R 2 

/or some R > 1 . Then, for every polynomial p of degree at most k, we have 



IQI 



1/T 



<c 



1 



1/u 



|p| u dW 



n^Q'ns) jQ , ns 

where 1 < u, r < cxd ana 1 t/?e constant C depends on S, R, n, u, r, k. 

We also need the following energy type estimate. 

2.6. Lemma. Let S C R n be a d-set, n — 1 < d < n. Suppose that 1 < r < oo and < cu < 1 
satisfy cur > n — d. 77?er;, for every po/'nt x £ 3D and < t < T e R, 



(2.7) 



Q(x,t) 



d7/ d (z) 

Q(y,t)ns \V - 



\ 1/t' 

dij < t d+w - n/r , 



w/nere 1/r + 1/r' = 1 . 

Proof. Let us begin with two auxiliary estimates. The first one, 

dH d (z) 

Q(y,t)ns lU ~A a 



sup 



<t d - a , 0<CT<d, 



follows easily from the layer cake representation and the definition of a d-set, [16, p. 104]. 
The second one, 



sup 

xes 



Q(x,t) 



dist(y,S)^ n dy < t^, d<p<n. 



is closely related to Aikawa dimension of S, and its proof can be found in [19, Lemma 2.1]. 
Denote the left hand side of (2.7) by LHS. Choose an auxiliary parameter |3 > such that 

< n - tu — (3 < d, |3r' < n — d. 

The assumptions of the lemma ensure that this can be done (e.g. (3 = (n — d)/r' — e with 
suitable e > 0). 

By the estimates above and the choice of (3, 



LHS < dist(y,Sr pr ' 
VJQ(x,t) 

< ^d-n+a)+|3+(n-|3r')/r' 



dU d (z) 



Q(y,t)ns \V z \ 
A simplification of exponents finishes the proof. 



1/t' 



□ 
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2.4. Porous sets and Whitney decomposition. In this paper we widely use the fact that d-sets 
with d < n are porous. The treatment here follows parts of [15]. 

2.8. Definition. A set S C R n is porous (or K-porous) if for some k > 1 the following statement 
is true: For every cube Q(x, r) with x G R n and < r < 1 there is y G Q(x, r) such that 
Q(y,r/K)nS = 0. 

2.9. Remark. The observation that d-sets with d < n are porous was already done in [17]. See 
also Proposition 9.18 in [30] which gives this fact as a special case. 

Here we recall a reverse Holder type inequality involving porous sets, Theorem 2.11. For a set 
S in R n and a positive constant y > we denote 

(2.10) C s , y ={QgX? : y- 1 dist(x Q ,S) < £(Q) < 1}. 

This is the family of dyadic cubes that are relatively close to the set. Such families arise naturally 
while treating the 'extension by zero' -problem, we refer to later Proposition 4.1. 

2.11. Theorem. Suppose that S C R n is porous. Let p, q e (1, oo) and {aQ}q €Cs y be a sequence 
of non-negative scalars. Then 



Q6C S , Y 



< c 



1/q 



QeCs, y ' 
Here the constant c depends on n, p, y and the set S. 

The proof of this theorem is a consequence of maximal-function techniques, we refer to [15]. 

Supposing that S is a non-trivial closed set in R n , its complement has a Whitney decomposition, 
see e.g. [25]. That is, there is a family Ws of dyadic cubes whose interiors are pairwise disjoint 
and R n \ S = UqgWs Q- Furthermore, if Q G W s , then 

(2.12) diam(Q) < dist(Q,S) <4diam(Q). 

It is easy to check that the standard construction, usually given in terms of the Euclidean metric, 
admits this modification where we use the uniform metric instead. 

Let us write £(Q) ~ 2^ if Q is a cube in R n and 2 _i /5K < diam(Q) < 2~\ 

2.13. Lemma. Suppose that S C R n is K-porous. Let x G S and i G N. Then there is Q G Ws 
such that £(Q) ~ 2- {i+ ^ and Q c Qtx^). 

Proof. By K-porosity of S, there is y G Qix^-^) such that Q(y, I'^/k) C R n \ S. Let 
Q G Ws be a cube containing the point y. Then 

2" i-1 /K - diam(Q) < dist(y, S) - diam(Q) < dist(Q, S). 

On the other hand, 

dist(Q,S) < dist(y,S) < ||x--y|| 00 < 2 _i_1 . 

By (2.12), 2-^ /5k < diam(Q) < 2^-\ that is, £(Q) ~ 2- (i+1) . 

It is also easy to see that Q C Q(x,2 _1 ). □ 
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3. Hardy inequalities 

In §3.2 we prove our main result, Theorem 3.7. Surprisingly, the proof of a restriction theorem 
[15, Theorem 4.8] can be modified to yield a proof of this Hardy type inequality. This proof is 
still technical, and for this reason in §3.1 we consider an illustrative special case whose proof is 
analogous but involves less technicalities. This simpler proof is based on [11], the main difference 
being that the energy type estimate in Lemma 2.6 replaces certain capacitary considerations. In 
order to make this paper self contained, we repeat some of the arguments in the aforementioned 
papers. 

We say that a locally integrable function f is strictly defined at x if the limit 

f(x) = lim f f(-y) dy 

Jq(x,t) 



exists. Observe that f is strictly defined at its Lebesgue points and, by the Lebesgue differentiation 
theorem, f = f a.e in R n . 

Let S be a d-set in R n , n — 1 < d < n. At those points x G S, in which f(x) exists, we define 
the trace of the function f on S by 

Tr s f(x) := f(x) . 

Assume that f belongs to the Triebel-Lizorkin space Fp q (R n ) with s > (n — d)/p, 1 < p < oo, 
1 < q < oo. Then the trace of f is defined 'H d -almost everywhere on S. In fact, under these 
assumptions, the exceptional set for the Lebesgue points of f in R n has zero d-dimensional 
Hausdorff measure. In order to see this, apply the trivial embeddings Fp q (R n ) C Fp2 £ (R n ) with 
< e < s — (n — d)/p and use [1, Theorem 1.2.4, Theorem 6.2.1]. 

3.1. The case of < s < 1 and q < p. As a corollary of Theorem 3.1, we obtain Hardy type 
inequalities for Triebel-Lizorkin spaces Fp q (R n ), 0<s<1,1<q<p. Indeed, this follows from 
boundedness of relations F* q (R n j c F* p (R n ) ~ W s -?(R n ), [29, pp. 6-7]. Recall also (2.2). 

3.1. Theorem. Suppose that S is a d-set in R n and (n — d)/p < s < 1 , where n — 1 < d < n 
and 1 < p < oo. Let f G W s,p (R n ) be such that Trsf = pointwise H d almost everywhere. 
Then f satisfies the Hardy type inequality 

|f(*)| p ^V^iifi. 
m dist(x,S)*P dX J *ll f llw-W- 

The proof is based upon [11]. 

We need some preparations. Let us first recall fractional inequalities for functions defined on 
cubes, Lemma 3.2 and Lemma 3.3. Both inequalities are invariant under scaling and translation. 
The following lemma follows from the proof of [14, Theorem 4.10]. 

3.2. Lemma. Let a G (0, 1) and r e (l,oo). Let u G Lf oc (Q) for a cube Q in R n , n > 2. Then 

9q(u) 



|u(xj -u Bq | < c r 



q pc--yl 
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ifx G Q is a Lebesgue point ofu. Here Bq := B(xq, £(Q)/c n ), c n > 2, and the function g Q is 
defined by 



|u(y)-u(z)| T 



i A 



dz 



q ly-*l n+c j 

The following fractional Sobolev-Poincare inequality is a consequence of [14, Remark 4.14]. 

3.3. Lemma. Let Q be a cube in R n , n > 2. Suppose that p, r G [1 , oo), and s G (0, 1 ) satisfy 
< 1/r — 1/p < s/n. 77?en, for every u G L r (Q), 



Q 



|U(X) - UqP dx < C |Q|1+Ps/n-p/r | 



Q 



iu(x) -u(i))r 

Iv ii |n-+sr 

q yi 



p/r 



dy dx 



Here t/?e constant c > is independent of Q and u. 

The last lemma we need is the following. 

3.4. Lemma. Assume that S is a non-trivial closed set in R n , n > 2, and let Ws be a Whitney 
decomposition ofR n \ S. Suppose that 1 < s < oo and k > 1 . Then 



Y. |k Q |2 ( f f lg(x,-y)ldxdy 

(3 5) Q eVV s WkqJkq 



< C n , s K 



|g(x,y)| s dxdy 



for every g G L 



Proof. Throughout this proof, we denote m = 2n. Recall a (non-centered) maximal function of 
a locally integrable function f : R m — > [— oo, oo], 



Mf(x) 



= sup -T |f(y)| 
xeQ Jq 



dy 



The supremum is taken over all cubes in R m containing x G 
Let us rewrite the left hand side of inequality (3.5) as 



LHS = K n Y_ 

QeVVs 

By definition of maximal function 



Xkq(z)Xq(w) \ \ lg(x,y)| dxdy dzdw. 

y- \JkQJkQ / 



n LHS < Y_ 

QeW s " 



< 



{Mg{z,w)Y dz dw . 

x 

The boundedness of maximal operator on L s (R m ) yields the right hand side of inequality (3.5). □ 
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Proof of Theorem 3.1. Fix a number r G (1,p) such that tu = n(1 /p — 1 /r) + s G (0, s) and 

n — d < cur < sp, < 1/r — 1/p < cu/n . 

For each Q G W s with £(Q) < 1 , we write Q* = 12Q. We let Bq* = B(xq, £(Q*)/c n ) be given 
by Lemma 3.2. The proof proceeds with an application of inequality, 



(3.6) 



|f(x)-f B Pdx+|Q||f Bo T 



< |Q*| 1 +P a '< /n ~P< /T | 



Q* 



|f(x) -f(xj)| r 



p/r 



q. l*-yl n 



+cur 



dy dx 



Let us postpone the proof of this inequality for the time being, and finish with the main line of 
the argument first. By property (2.12) of Whitney cubes and inequality (3.6), 



I 



If(x) 



dx 



, R n dist(x, S) s p 

< diam(Q) _ ' p 
QeWs 



|f(x)| p dx 



< 



Ilp(r u 



+ y_ iQ*r 



+p(cu/n+1 /r—s/n) 



QeWs 
«(Q)<1 



| f(x)-f(y)l T 
, Q .j Q . |x-y|™ 



p/r 



dy dx 



The definition of tu implies that 

1 +p(cu/n+ 1/r- s/n) =2. 
Thus, Lemma 3.4 with s =p/r > 1 yields 

|f(x)-f(y)|? 



I < 



Here we also used the identity p(n + tur)/r = ps + n. 

It remains to verify inequality (3.6). Using the facts that Bq* C Q* and the measures are 
comparable, this bound for the integral term is a consequence of Lemma 3.3. Hence, it is enough 
to estimate the remaining term |Q||fB Q „| p - 

Let us fix y Q G S such that dist(yQ, Q) = dist(Q, S). Denote 

E Q = Q(y Q ,£(Q))nS, 
and define 

|f(y)-f(z)| T 



1/r 



ly 



dz 
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Recall that T-L d almost every point x G S is both a Lebesgue point of f, and satisfies f(x) = 0. 
Thus, by the fact that Eq C Q* and Lemma 3.2 applied with f, 



|fB Q ,|-^ d (E Q ) 



|f(x)-f BQ Jd^ d (x) 



< 



Q* J 



E Q 



dn d M 



l*-y| T 



Observe that Q* C Q(yQ,t) and Eq C Q(y,t) for every y G Q*, where t = 2diam(Q*). Thus, 
by Holder's inequality, followed by Lemma 2.6 with x = tJq, we obtain 

|fB Q «|H d (E Q )<||g Q , X Q.||r-t d+ ^. 

Since t d < H d (E Q ), the upper bound in (3.6) for |Q||f BQ ,| p follows. □ 
3.2. The general case. The following theorem is our main result. 

3.7. Theorem. Let S be a d-set in R. n , n — 1 < d < n. Suppose that 1 < p < oo, 1 < q < oo, 
and s > (n — d)/p. Let f G Fp q (R n ) be such that Tr s f = pointwise H d almost everywhere. 
Then f satisfies the Hardy type inequality 

IffxllP \ 1/p 

;dX < Cllfll- Ka, . 



\ J Rn dist(x, S) s p 
The constant c > depends on n, d, p, s, and S. 

We will need several preparations. 

Let denote a cube Q(x, 2~') with x G S and j G Z. Let P^j be a projection from L p (QjJ 
to with k = [s] + 1 such that £k(f, QUip(R n ) is equivalent to 

\ Vp 

For the construction of these projections, we refer to [23, Proposition 3.4] and [9]. We use the 
following properties of these polynomial projections: 

i) If Q' C Q are cubes as above and |Q'| > c|Q|, then for every z G Q' 

|P Q f(z)-Po/f(z)| < C(c,n,k) f |f-P Q f|dy; 

Jq 

ii) limj^oo P Q j f [z] = f (z) at every Lebesgue point z G S of f . 
Let Ws denote the Whitney decomposition of R n \ S. 

To every Q = Q(xq,Tq) in Ws, assign the cube a(QJ := Q(o.q, Tq/2), where a Q G S is such 
that ||xq — aqlloo = dist(xQ, S). Then 

(3.8) "H d (a(Q) nS) > crj, if diam(Q) < 1 . 

This follows from Definition 2.4. The constant c > depends on S. 
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3.9. Lemma. Let f G L p (R. n ), 1 < p < oo, be a function for which H d -almost every point in a 
given d-set S is a Lebesgue point, n — 1 < d < n. Then, for every i G N, we have 

f I f |f-P32a(Q)f| P dH d ) ^ 

(3 10) l Q eW snA + 5 j32a (Q' nS J 
$2 id /^||£: k (f,Q(.,2-^ L p (Rn) || L p (s) . 

Proof. We claim that, for every x G 32a(Q) n S, where Q G W s n P i+5 , 

i/P 



A Q : = ( f |f-P32a( Q )f| p dH d ) 

I J32a(Q)nS J 

< £ k (f, Qi)LP(Rn) + X T ^ k(f ' Qz)LP(Rn) ^ d (z) . 

jf^l WQi+'nS / 

In order to prove (3.11), we first estimate 

(3.12) A?< f |f-P Q ,f|P d H d + f |P Q if-P32a(Q)f| P dH d , 

jQi+'nS " J32a(Q)nS 

where we used the first part of inclusion 32a(Q) C Q* +1 C Q*. These inclusions and property i) 
allow us to bound the second term on the right hand side by a constant multiple of £ k (f, Qi)L P ( R n) ■ 
Consider the first term on the right hand side of (3.12), and let z G Q* +1 fl S be a Lebesgue 
point off. Then, by property ii), 

oo 

|f(z)-P Qi f(z)| < |P Q if(z)-P Q i + if(z)|+ 2jP Ql f(z)-P Q j +1 f(z)|. 

j=i+1 

Since z G Q* +1 C Q\, the property i) and Holder's inequality give 

|P Q tf(z)-P Q t + ,f(z)|<; ^ \f-? Q ^dyj P <£ k (f,Qi 
Similarly |P Q jf(z) — P Q j+if(z)| < £ k (f, Q[)lv{r^) for j G {i+ 1, . . .}. We have shown that 

oo 

\f(z) - P Q if(z)| < £ k (f, Qx)LP(R n ) + ^ ^ f > Qi)LP(R-) 

j=i+1 

where z G Q^ +1 fl S is a Lebesgue point of f. Since H d -almost every point in S is a Lebesgue 
point of f, we can average the last inequality over the set Q* +1 fl S. This gives 

i/P 



f |f(z)-P Qi f(z)PMH d (z)) 
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00 / r 

^VJQi +1 nS / 

This concludes the proof of (3.11). 

The family {32a(Q) : Q G Ws fl A+5} has a bounded overlapping property. Hence, by (3.8) 
and (3.11), the left hand side of (3.10) can be estimated by a constant multiple of 



2 id /p 
< 2 id /P 



Y_ ^ Q -X32a(Q)MdH d (x; 



QeW s nx> l+5 



i/P 



Sc(f, Qx)lp(r^) d% d (x) 



i/P 



id/p y ( C 



i/p 



z 



ns 



cTH d (z)cm d (x) 



Using Fubini's theorem and Definition 2.4, we get 



f 4(f,Q>)[ p(Rn) dH d (z)dH d (x) 

' f k (f, QU^Xqw (z) dH d (x)dH d (z) 



s ^Qi+'ns 
< 2 id 



< 2 



< 



id 



-H d (Ql +1 nS)£ k (f, Q^ p(Rn) dH d (z) 



^k(f, QX [Rn) d^ d (z) 



□ 



Collecting the estimates above, we obtain inequality (3.10). 

For f G Lf oc (R n ) and s > denote 

fUx) = sup r- s £ k (f, Q(x,r)) LV(mh x G R n , k = [s] + 1 . 

0<T<1 

3.13. Lemma. Let S be a d-set in R n , n — 1 < d < n. Suppose that 1 < p < 00, s > 0, 

k = [s] + 1 and f G Lf oc (R n ) . 77?en, for ei/ery i G {2, 3, . . .}, 



D>(R n )||D>(S) 



< c2~ i ^ s ~' n ~ d ' //p ' 



I/P 



f» )P (x)Mx 



where the constant c depends on s, p, n and S. 

Proof. Let J 7 = {Q(x, 2 _1 ~ 3 ) : x G S}. By the 5r-covering theorem, see e.g. [22, p. 23], there 
are disjoint cubes Q m = Q(x m ,2~ l ~ 3 ) G T, m = 1,2,... (if there are only a finite number of 
cubes we change the indexing), such that S C U^=i 5Q m . Hence 



I : 



£ k (f,Q(x,2-i))[ p(Rn) d?Ax 



oo 
m=1 



5Q m ns 
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Notice that, if x e 5Q m = Q(x m , (5/8)2 _i ), then Qfx^) c Q(x m ,2- i+1 ). By (2.3), 

fkffjQCx^^JtP^nj < c£ k (f, Q(xm>2~ l+1 )) L P(Rn). 
Using the observation above and Definition 2.4 we can continue as follows: 



I < c Y_ ^ d (5Qm n S)£ k (f, Q(x m , 2- i+1 ))[ p(Rn) 

m=1 

oo 

<c2- id ^^(f,Q(x m ,2- i+1 )){; p(Rn) . 



m=1 



By Remark 2.9 and Lemma 2.13, for every Q m , there is R m e Ws such that £(R m ) ~ 2 and 
R m C Q m . If x G R mi then Q(x m ,2~ i+1 ) c Q(x,2~ i+2 ) and therefore 

(3.14) 4(f,Q(x m ,2- i+1 )) L p [R n, < c4(f,Q(x,2- i+2 )) L p( R n, < c2- is f» ;P (x). 
Since £(R m ) ~2~ x ~ 4 , we have |R m | > c2~ m . By using this and (3.14), we get 

oo 

I < c2 i(n - d) Y_ |Rml^(f, Q(x m ,2- i+1 ))£ p(Rn) 



m=1 



< c 2 i C n - d - s P) Y_ 



m=1 J 



< c2 i ' n ~ d ~ sp ' 



f», p (x)Mx. 



Taking the p'th roots yields the required estimate. 

We are now ready for the proof of Theorem 3.7. 
Proof. Since F pq (R n ) C F poo (R n ) boundedly, it suffices to verify that 

|f(x)| p 



□ 



H 



j,n dist(x,S) sp 



\ VP 
dx < 



n ) + l|f| 



recall the definition of F poo (R n ) in §2.2. By properties of Whitney cubes Q 6 Ws, we can bound 
H p by a constant multiple of 

H f llw+ Z diam(Qr- Sp -f|f(x)-P 3 2a(Q)f(x)| P +|P32a(Q)f(x)| P dx. 

QeWs 
«(Q)<2- 7 
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By properties of the projection operator and monotonicity (2.3) of local approximations, 



Y diam(Q) n - s P f |f(x) - P 3 2a( Q )f(x)r dx 

crr,_ Jo 



QeW s 
«(Q)<2 



< Y_ diam(Q)^4(f,32a(Q))^ (Rn) ^||f8. 



IIP 

■s,p 

QeW s 
C(Q)<2- 7 



Recall that Q C 32a(Q), and their measures are comparable. By a Remez-type inequality, see 
Theorem 2.5, and the fact that T-L d almost every point x G S satisfies f (x) = 0, 



Y_ diam(Q)^ J ? |P 3 2 Q[Q] f(x)rdx 



QeWs 
l(0)<2~ 7 

oo ~ 
<^- 2 l(sp-n) ^ \ |f(z)-P32a(Q)f»| P d7/ d (z)=:I. 

t=2 Q6W s nX> i+5 J 32a(Q)nS 

Recall that 7-L d almost every point is a Lebesgue point of f. Hence, by Lemma 3.9, Lemma 3.13, 
and Lemma 2.1 with a = sp — (n — d) > 0, 

. Vp\ p 

i=2 V j=i 



(3.15) 



K fl P (x) p dx 

U{QGW s :e(Q)~2H-4} ; 



oo 



f», P (x) p dx. 



i=2 Ju{QeW s :«(Q}~2-i- 4 } 



Let us denote IU := U{int Q : Q G W s and £(Q) ~ 2^ 4 }, and choose k G N such that 
2~ k ° < 1/5k. Then we claim that 

(3.16) U i nU i /=0, if i t M and = kmodk . 

To verify this claim, let i > i' be such that i, i' = kmodko. Then i — M > ko. In particular, if 

Q G W s , £(Q) ~ 2- 1 - 4 , and Q' G W s , £(Q') ~ 1^'^, then 

diam(Q) < 2^- 4 < T^T^-* < /5k < diam(Q'). 

It follows that Q # Q'. Since the interiors of Whitney cubes are pairwise disjoint, we find that 
int Q n int Q' = 0. Hence, (3.16) holds. 
From (3.16) it follows that 



ko-1 



Y_ f« )P (x)Mx = £ y. 

(3.17) i=2 Ju{QeW s :£(Q)~2-i-4 } k=Q 

i=kmodko 
^ ^0 II T s,p lip* 



f« iP (x)Mx 

Ui 
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Combining the estimates (3.15) and (3.17), we find that I < c||f| □ 

4. Extension problems 
As an application of Hardy type inequality, we study certain extension problems. 

4.1. Extension by zero. First we study the problem of zero extension. For instance, Corollary 4.2 
shows that the characteristic function xn of a domain whose boundary is a d-set, n— 1 < d < n, 
is a pointwise multiplier in the subspace {f G F|, q (R n ) : Tt 9 q = 0} if s > (n — d)/p. 

4.1. Proposition. Let D. be a domain in R n whose boundary is porous (in particular, it suffices 
that dCl is a d-set with d < n). Let f G f s vq {R n ), 1 < p < oo, 1 < q < oo, s > 0. Then 



||fXn||F« q (Ri) 



< 



|Ff,q(R n ) 



VP 



VJ Q dist(-y,3n) s P 
The implied constant depends on p, q, s, n, d, and 3d. 

Proof. For convenience, denote f = fxn. By [26, Theorem 2.2.2] or [15, Remark 3.4], the norm 
||f||p (Rn) is equivalent to the quantity 



^2^ k (f,Q(.,2-'))^ 1(Rn) 



1/q 



k = [s] + 1 . 



The second summand is clearly controlled, and we focus on the first one. By monotonicity of 
local approximations (2.3), if j G No, 

£ k (f,Q(x,2-^) L , (R n) < Y_ XQM£ic(f,4Q) L i (E n), x g R n . 

Next we split the summation on the right hand side in two parts, depending on whether or not 
Q G C := Cga )Y with y = 5, recall definition (2.10). 

Observe that 4Q n 3d = if Q G Pj \ C with j > 0. Thus, for such cubes, we have either 
4Q C Q or 4Q C t n \ O. In both cases, 



Hence, 



£k("f>4QJ L 1( R n) < £ k (f,4Q) L l (R n) 



(Z 2jSq ( L XQ^tf^QlUtRn))') 

V i=o n<zT>Ar f 



1/q 



LP (R n ) 



< 



Vq 



< 



j=0 QeX>j\C 

oo 

^2^(^x Q 4(f,4Q) Ll(R n ) 
The last step follows from monotonicity of local approximations. 



|Ff, q {R n ) 
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In order to estimate the remaining term, associated with cubes Q G C, we use Theorem 2.11. 
Note also that cubes in Pj have mutually disjoint interiors. Thus, we have 



A : 



^2' s <( Y_ X Q £k(f,4Q) L , ( 

j=o QeVjnc 



Vq 



< 



U>(R n ) 
I/P 



^X Q W£(Q)- s ^ k (f,4Q) 

QGC 

By the following inequality, 

1 

^ J- +"l I-' A > 

'L 1 (R 



dx 



j 

J4C 



< -r |f| p dx 

/4Q 



|4Q| 



dx , 



4Qna 



and definition of family C, we obtain 



A p < 

Qec 

This completes the proof 



^(Qr sp X4 Q (y)||f(ij)| p dij 



< 



a dist(ij,3Q) s P 



ay 



□ 



The following is a consequence of Theorem 3.7 and Proposition 4.1. See also Remark 2.9 



4.2. Corollary. Suppose that CI is a domain in R n whose boundary is a d-set, n — 1 < d < n. 
Suppose also that 1 < p < oo, 1 < q < oo, and s > {in — d)/p. Let f G Fp q (R n ) 6e such that 
Traof = pointwise T-L d almost everywhere. Then 



llfx 



Q H 



< 



where the implied constant depends on p, q, s, n, d, and 912. 

An application of the corollary is Theorem 4.4. In order to formulate this theorem, we recall 
some notation which is common in the literature on function spaces on domains, [29, 30]. 
Let D. be an open set in R. n , 1 < p < oo, 1 < q < oo, and s > 0. Then 

F q (£>) = {f G U(C1) : there is a g G F» q (R n ) with g| Q = f} 



lFS q (Q) 



inf 



where the infimum is taken over all g G Fp q (R n ) such that g|o = f pointwise a.e. As usual, we 
also denote 



(4.3) V vq (Cl) = {f G L p (D) : there is a g G F pq C 

H f H?^ q (a) =inf ll9llFj q (Rn), 
where the infimum is taken over all g admitted in (4.3), 
Finally, F* q (Q) is a completion of C§°(0) in F* q (Q). 



with g|n = f and supp g C 11} 
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4.4. Theorem. Let D. be a domain whose closure CI is an n-set, and whose boundary dCl is a 
d-set with n — 1 < d < n. Suppose that 1<p<oo, 1 < q < oo and s > (n — d)/p. Then 

i(Q)cF; q (fi), 

and this inclusion is bounded. 

4.5. Remark. Let us first clarify the role of assumptions in the theorem. Suppose that f G Fp q (I2) 
and g 6 Fp q (R n ) is any extension of f. Recall that T-L d almost every point in dCl is a Lebesgue 
point of g. By Lebesgue differentiation theorem, and the assumption that CI is an n-set, 

Tr 9a gM = lim \ f(y) dy 

M °+ JQ(x,r)nQ 

in the Lebesgue points x G dCl of g. Here we also used the fact that dCl has zero n-measure. 
To state the conclusion otherwise, any extension of f has the same trace T-L d a.e. on 3d, and 
this trace coincides a.e. with the interior trace given above. 

o 

Proof of Theorem 4.4. Suppose that f G Ff, q (-0.) , then there is a sequence fj G Cg°(0) such 
that fj — ^ f in F£, q (C). By definition, there are functions g and {Gj}j gN belonging to Fp q (]R n ) for 
which g|n= f and Gj| Q = f — fj, j 6 N. Moreover, we can suppose that || g II F^ q < 2||f||p q (n) 
and ll G jllFf, q (R n ) < 2||f - fj|| F s q(Q) for all j. 

Since (g — Gj)|q= fj, and the trace on the boundary is independent of the extension, the trace 
of g — Gj on dQ. vanishes. Thus, 

||Tr aa g||i_p(3Q) = lim||Tr aa g - Tr aa (g - Gj)|| L p(9Q). 

j— >oo 

By linearity and boundedness of the trace operator, [15, Theorem 4.8], 

||Tr 9 ag|| LP (90) = lim ||Tr 3 aGj ||ipfani 

j— >oo 

<, lim||Gj|| F » (rh) = 0. 
We have shown that g has zero trace on dCl. By Corollary 4.2, 

|| gXo||F» q (R-)< ||g||F»„(R*) < 2||f||F» q (Q) , 

which is a sufficient estimate since (gxn)|a= f> ar| d the support of gxa is contained in CI. □ 

4.6. Remark. Theorem 4.4 is related to the following result due to Caetano, [6, Corollary 2.7]. 
Let Q be a bounded domain such that dCl is a d-set for some d < n. Then 

(4.7) F; q (0)=F; q (0), s<(n-d)/p. 

This identification fails if p > 1 , s > (n — d)/p, and D. is an n-set whose boundary is a d-set 
with d < n, [6, Proposition 3.7]. Theorem 4.4 gives a partial counterpart of identification (4.7) 
in case of s > (n — d)/p. 
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4.2. Extension from the boundary trace. We close this paper by considering an extension of a 
smooth function f from its trace Tr 9a f on the boundary of a given domain O. In the complement 
of the domain, an extension is defined in terms of polynomial projections of Trgof . Throughout, 
we assume that the boundary dCl is a d-set with n — 1 < d < n. 

To each cube Q = Q(xq,Tq) G Wan in the Whitney decomposition of R n \ dCl, we assign a 
nearby cube a(Q) := Q(a.Q, Tq/2), where a.Q G 912 is such that ||xq — o.q||oo = dist(xq, dCl). 
Let {Pp}||3|<k be an orthonormal basis of V\, k > 0, with respect to the inner product 



(p>q> 



pq dH d , p, q G 7\. 

a(Q}nao 



Observe that the zero set of p G V\ \ {0} has Hausdorff dimension at most n— 1. Hence, the 
formula gives an inner product. Define a linear operator Pr kja (Q) : L 1 (a(Q) fl dCl) — » P k by 
setting 



Pr k ,a (Q] f:=^(f,Pp)Pp 

IPI<k 




a(Q)nan 



fPp dH d 



if diam(Q) < A := ]6000, and Pr k)Q ( Q] f = otherwise. 

Let {(Pq : Q G Wgn} be a smooth partition of unity, subordinate to the Whitney decomposition 
Wan. Then, in particular, 

Xr-\3o = and suppcpQ C (9/8) Q, if Q G W 9a . 

Q€W an 

For f G F^ q (R n ) with s > (n - d)/p and k = [s] + 1 , we define 



(4.8) Ext k , f(x) 



f(x), ifxGO; 
Lqew an 9q W{Pr k _ 1)a(Q) o Tr 3a (f)}(x), if x G R n \ CI. 

Observe that (4.8) induces a linear operator Ext k) Q. We emphasise that the values of Ext k) of 
outside of D. depend only on the trace of f on the boundary — loosely speaking, we are extending 
from the boundary trace. 

4.9. Theorem. Suppose that £1 is a domain whose boundary is a d-set, n— 1 < d < n. Suppose 
that 1 < p < oo, 1 < q < oo, s > (n — d)/p, and k = [s] + 1 . Then 

Ext k , Q G£(F; q (R n )). 

That is, the extension operator is a bounded linear operator on Fp q (R n ), and the operator norm 
depends on p, q, s, n, d, and dCl. 

Proof. Define 

Ext ki a a f:= (p Q {Pr k _ 1)a (Q) o Tr 9a (f )}. 

Q6W sn 

By restriction and extension theorems for d-sets, [15, Theorem 4.8] and [15, Theorem 6.7], we see 
that Ext k; ao is a bounded linear operator on Fp q (R n ). Moreover, the function g := f — Ext k) aof 



HARDY INEQUALITIES 19 

is such that Tr a og = pointwise T-L d almost everywhere in 3d, [15, Proposition 5.5]. Therefore, 
by Corollary 4.2 and the boundedness of Ext^ao, 

||Ext k) of||Ff, q (R n ) = ||gXa + Ext ki aof Hfs^Rn) < ||f||T* q rjin) . 

This is the desired norm estimate. □ 

4.10. Remark. The operator Ext i a is in considered [13] for studying the extension problem on 
spaces W 1 '? (Q). 

The following is a corollary of Theorem 4.9 and Remark 4.5. 

4.11. Corollary. Let D. be a domain whose closure D. is an n-set, and whose boundary 3d is 
a d-set with n — 1 < d. < n. Suppose that 1 < p < oo, 1 < q < oo, s > (n — d)/p, and 
k = [s] + 1 . Fix any bounded extension operator N pq : F pq (d) — > F pq (R n ) (possibly non-linear). 
Then, the formula 

E pq := f .-> Ext k , Q (N pq f ) 

defines a bounded linear extension operator F pq (d) — > F pq (R n ), which is independent of the 
chosen extension operator N pq . 

4.12. Remark. Let us clarify that, by definitions, there is always a bounded non-linear extension 
operator N pq : F pq (D) -> F pq (R n ) for which N pq f| Q = f for every f e T s vq (Cl). 

4.13. Remark. We observe the following independence on the microscopic parameter: the induced 
extension operator E pq , see Corollary 4.11, has the property that, for every 1 < r < oo, 

This follows from restriction and extension theorems, [15, Theorem 4.8] and [15, Theorem 6.7]. 
In particular, we use the fact that the trace space B pp ' n_d ^ p (3d) of F pq (R. n ) is independent of 
the microscopic parameter q. 
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